In this paper, we introduce a new class of operators, called class A * n operators, which a superclass of hyponormal operators and a subclass of n − * −paranormal operators. We will show spectral properties of this class of operators. Next, it will be proved that if T is a contraction of A * n class operators, then either T has a nontrivial invariant subspace or T is a proper contraction, and the nonnegative operator D = |T n+1 | 2 n+1 − |T * | 2 is a strongly stable contraction. Further, we prove Fuglede-Putnam theorem for class A * n operator.
Introduction
the set of all complex numbers by C, the set of all non-negative integers by N and the complex conjugate of a complex number λ by λ. The closure of a set M will be denoted by M and we shall henceforth shorten T − λI to T − λ.
An operator T ∈ L(H) is a positive operator, T ≥ O, if T x, x ≥ 0 for all x ∈ H.
For an operator T ∈ L(H), as usual, |T | = (T * T ) 1 2 . An operator T ∈ L(H) is said to be hyponormal, if |T | 2 ≥ |T * | 2 . An operator T ∈ L(H) is said to be paranormal [12] , if T x 2 ≤ T 2 x for any unit vector x in H. Further, T is said to be * −paranormal [3] , if T * x 2 ≤ T 2 x for any unit vector x in H. An operator T is said to be n − * −paranormal operator if T * x n+1 ≤ T n+1 x x n for any unit vector x in H, [21] . T. Furuta, M. Ito and T. Yamazaki [13] introduced a very interesting class of bounded linear Hilbert space operators: class A defined by |T 2 | ≥ |T | 2 , which is called the absolute value of T , and they showed that the class A is a subclass of paranormal operators. B. P. Dugall, I. H. Jeon, and I. H. Kim [10] , introduced * −class A operator. An operator T ∈ L(H), is said to be a * −class A operator, if |T 2 | ≥ |T * | 2 . A * −class A is a generalization of a hyponormal operator, [10, Theorem 1.2], and * −class A is a subclass of the class of * −paranormal operators, [10, Theorem 1.3] . We denote the set of * −class A by A * . T. Furuta and J. Haketa [14] , introduced n−perinormal operator: an operator
n , for each n ≥ 1. For n = 1, 1 − * −perinormal operator is hyponormal operator, while, if T is 2 − * −perinormal operator, then T is * −paranormal operator. If T is n − * −perinormal operator, then T is (n+1)−perinormal operator. In [24] , define classes A n : an operator T ∈ L(H), is said to be A n operator if |T n+1 | 2 n+1 ≥ |T | 2 , for some positive integer n.
In this paper, we introduce a new class of operators called class A * n operators which a superclass of hyponormal operators and a subclass of n − * −paranormal operators.
Spectral Properties of class A * n operator
A complex number λ is said to be in the point spectrum σ p (T ) of T if there is a nonzero x ∈ H such that (T − λ)x = 0. If in addition, (T − λ) * x = 0, then λ is said to be in the joint point spectrum σ jp (T ) of T . Clearly σ jp (T ) ⊆ σ p (T ). In general σ jp (T ) = σ p (T ). There are many classes of operators for which
for example, if T is either normal or hyponormal operator. In [25] Xia showed that if T is a semihyponormal operator then holds (1). Dugall et.al extended this result to * −paranormal operators in [10] . In [17] the authors this result extended to quasi-class A * . Uchiyama [23] showed that if T is class A operator then non zero points of σ jp (T ) and σ p (T ) are identical. The same thing is true for many operators' classes as well. Here, we will tell that the equality (1) holds for class T ∈ A * n operator. 
Proof. We may assume that x = 0. Let λ = 0 and (T − λ)x = 0. Since T ∈ A * n and by Holder-Mc-Carthy Inequality, we have
we have T * x 2 = 0, so T * x = 0.
Corollary 2.3. If T is of the class
Proof. It is obvious from Theorem 2.2.
A complex number λ is said to be in the approximate point spectrum σ a (T ) of T if there is a sequence {x n } of unit vectors satisfying (
There are many classes of operators for which
for example, if T is either normal or hyponormal operator. In [25] Xia showed that if T is a semihyponormal operator then holds (5). Dugall et.al extended this result to * −paranormal operators in [10] . Cho and Yamazaki [9] showed that if T is class A operator, then nonzero points of σ ja (T ) and σ a (T ) are identical. In the following, we will show that if T ∈ A * n , then holds relation (3). 
Lemma 2.6. [5] Let H be a complex Hilbert space. Then there exists a Hilbert space Y such that H ⊂ Y and a map
ϕ : L(H) → L(Y ) such that: (1). ϕ is a faithful * −representation of the algebra L(H) on L(Y ), so:ϕ(I H ) = I Y , ϕ(T * ) = (ϕ(T )) * , ϕ(T S) = ϕ(T )ϕ(S) ϕ(αT + βS) = αϕ(T ) + βϕ(S) for any T, S ∈ L(H) and α, β ∈ C, (2). ϕ(T ) ≥ 0 for any T ≥ 0 in L(H), (3). σ a (T ) = σ a (ϕ(T )) = σ p (ϕ(T )) for any T ∈ L(H), (4). If T is positive operator, then ϕ(T α ) = |ϕ(T )| α , for α > 0, (5).([25], Lemma 2.7) σ ja (T ) = σ jp (ϕ(T )) for any T ∈ L(H).
Theorem 2.7. If T is of the class
Lemma 2.8. [2] Let T = U|T | be the polar decomposition of T , λ = 0 and {x m } a sequence of vectors. Then the following assertions are equivalent: Proof. We have to tell that ker(T −λ) = ker(T −λ) 2 . To do that, it is sufficient enough to show that ker(T − λ) 
Contractions for class A * n
A contraction is an operator T such that T x ≤ x for all x ∈ H (i.e., T ≤ 1, equivalently T * T ≤ I.) An isometry is a contraction which T x = x for every x ∈ H (i.e., T
* T = I, so T = 1), and T is a coisometry if T * is an isometry. If T is an isometry and a coisometry, then it is a unitary operator. An operator T is said to be completely non-unitary (c.n.u) if T restricted to every reducing subspace of H is non-unitary. A proper contraction is an operator T such that T x < x for every nonzero x ∈ H (equivalently T * T < I).
A strict contraction is an operator such that T < 1 (i.e., sup x =0 T x x < 1). Obviously, every strict contraction is a proper contraction, every proper contraction is a contraction, and the converses fail,(any isometry is a contraction, but not a proper contraction; and the diagonal operator
is a proper contraction on l 2 + , but not a strict contraction).
An operator T on H is uniformly stable, if the power sequence {T n } ∞ n=1
converges uniformly to the null operator (i.e., T n → O). An operator T on H is strongly stable, if the power sequence {T n } ∞ n=1 converges strongly to the null operator (i.e., T n x → 0, for every x ∈ H). An operator T on H is weakly stable, if the power sequence {T n } ∞ n=1 converges weakly to the null operator (i.e., T n x, x → 0 for every x ∈ H). A contraction T is of class C o· if T is strongly stable (i.e., T n x → 0 and T x ≤ x for every x ∈ H). If T * is strongly stable contraction then T is of class C ·0 . T is said to be of class C 1· if lim n→∞ T n x > 0 (equivalently, if T n x → 0 for every nonzero x in H). T is said to be of class C ·1 if lim n→∞ T * n x > 0 (equivalently, if T * n x → 0 for every nonzero x in H). We define the class C αβ for α, β = 0, 1 by C αβ = C α· ∩ C ·β . These are the Nagy-Foiaş classes of contractions [20, p.72] . All combinations are possible leading to classes C 00 , C 01 , C 10 and C 11 . In particular, T and T * are both strongly stable contractions if and only if T is a C 00 contraction. Uniformly stable contractions are of class C 00 . 
Thus R (and so D) is a contraction (set k = 0), and
is a decreasing sequence of nonnegative contractions. Since a bounded monotone sequence of self-adjoint operators converges strongly, the weak limit of any weakly convergent power sequence is idempotent, and since the set of all nonnegative operators is weakly (thus strongly) closed, it follows {D k } ∞ k=1 converges strongly to a projection, say P . Moreover
for all nonnegative integers m and for every x ∈ H. Therefore T * R k x → 0 as k → ∞. Then, we have
for every x ∈ H. So that T * P = 0. 
Theorem 3.2. Let T be a contraction of class A * n operator. If T has no nontrivial invariant subspace, then 1). T is a proper contraction; 2). The nonnegative operator
, which is a closed subspace of H. In the following, we shall show that M is a T −invariant subspace. For all x ∈ M from relation (2), we have
From relation (5) we have
By relation (4) and (6) we have
Thus, M is a T −invariant subspace. Now, let T be a contraction, i.e., T x ≤ x, for every x ∈ H. If T < 1, thus T is a strict contraction, then it is trivially a proper contraction. If T = 1, thus T is nonstrict contraction, then M = {x ∈ H : T x = x }. Since T has no nontrivial invariant subspace, then the invariant subspace M is trivial: either M = {0} or M = H. If M = H then T is an isometry, and isometries have invariant subspaces. Thus M = {0} so that T x < x for every nonzero x ∈ H. So T is proper contraction.
2). Let T be a contraction of class A * n operator. By the above theorem, we have D is a contraction, {D k } ∞ k=1 converges strongly to a projection P , and
Suppose T has no nontrivial invariant subspaces. Since kerP is a nonzero invariant subspace for T whenever P T = O and T = O, it follows that kerP = H. Hence P = O, and so {D k } ∞ k=1 converges strongly to null operator O, so D is a strongly stable contraction. Since D is self-adjoint, then D ∈ C 00 . Proof. Since a self-adjoint operator T is a proper contraction if and only if T is a C 00 contraction.
The Fuglede-Putnam theorem
The famous Fuglede-Putnam's theorem is as follows:
Theorem 4.1. Let A and B be normal operators, and X be an operator so that AX = XB. Then, A * X = XB * .
The Fuglede-Putnam's theorem is very useful in operators' theory, thanks to its numerous applications. In fact, the Fuglede-Putnam's theorem was first proved in the A = B case by B.Fuglede [11] , and then a proof in the general case by C.R.Putnam [22] . A lot of researchers have worked on it since the papers of Fuglede and Putnam. Suppose {e n } is an orthonormal bases in H. We define the Hilbert-Schmidt norm of T to be
This definition is independent of the choice of basis (see [8] ). If T 2 < ∞, T is said to be a Hilbert-Schmidt operator. The set of all Hilbert-Schmidt operators will be denoted by C 2 (H).
In the past the several years, many authors have extended this theorem for several classes of nonnormal operators. In [4] , S. Berberian has extended the result by assuming A and B * are hyponormal operators and X is a HilbertSchmidt operator. In [15] , Furuta extended the result by assuming A and B * are subnormal operators and X is a Hilbert-Schmidt operator. In [19] the authors has extended the result by assuming A and B * are n−perinormal operators. In this paper we show that if X is a Hilbert-Schmidt operator, A is of the class A * n operator and B * is an invertible (n + 2)−perinormal operator, such that AX = XB, then A * X = XB * . 
For each pair of operators

